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Abstract

A common method for constructing a function from a finite set of moments is to solve a constrained
minimization problem. The idea is to find, among all functions with the given moments, that function
which minimizes a physically motivated, strictly convex functional. In the kinetic theory of gases, this
functional is the kinetic entropy; the given moments are macroscopic densities; and the solution to
the constrained minimization problem is used to formally derive a closed system of partial differential
equations which describe how the macroscopic densities evolve in time. Moment equations are useful
because they simplify the kinetic, phase-space description of a gas, and with entropy-based closures, they
retain many of the fundamental properties of kinetic transport.

Unfortunately, in many situations, macroscopic densities can take on values for which the constrained
minimization problem does not have a solution. Essentially, this is because the moments are not con-
tinuous functionals with respect to the L' topology. In this paper, we give a geometric description of
these so-called degenerate densities in the most general possible setting. Our key tool is the comple-
mentary slackness condition that is derived from a dual formulation of a minimization problem with
relaxed constraints. We show that the set of degenerate densities is a union of convex cones and, under
reasonable assumptions, that this set is small in both a topological and measure theoretic sense. This
result is important for further assessment and implementation of entropy-based moment closures.

Keywords: conver duality, convex optimization, optimization in function spaces, kinetic theory, entropy-
based closures, moment equations, gas dynamics.
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1 Introduction

In gas dynamics, the kinetic description of a gas is often simplified using moment equations. In this reduced
setting, a gas is characterized by a finite-dimensional vector p of densities that are moments of the kinetic



distribution function F' with respect to polynomials of the microscopic velocity. Evolution equations for p
are derived by taking moments of the Boltzmann equation which governs the evolution of F. The derivation
requires that an approximation for F' be reconstructed from the densities p, giving what is called a closure.

One well-known method for prescribing a closure is to find a function that minimizes the kinetic entropy
subject to the constraint that its moments agree with p. Such closures are called entropy-based closures.
In recent years, they have generated substantial interest due to important structural properties which they
inherit from the Boltzmann equation. These properties were first brought to light in [Lev96].

In cases where the moments are continuous with respect to the relevant topology, there is always an
entropy minimizer [BL91,Jun00]. Unfortunately, in classical gas dynamics, this is not usually the case. As
a result, there are often physically relevant densities for which the constrained entropy minimization problem
does not have a solution. In such cases, entropy-based closures are not well-defined, and these densities are
called degenerate. In this paper, we provide a geometric description for the set of degenerate densities in
the most general possible setting. We believe that this description is an important step in assessing the
practical usefulness of entropy-based closures.

1.1 Moment Systems and Entropy-Based Closures

Consider a gas that is enclosed in a container, represented mathematically by the set Q C R? (typically
d = 3). The kinetic distribution function F = F(v,z,t) which describes the kinetic state of the gas is a
non-negative function that is defined for positions x € Q, velocities v € R?, and times ¢ > 0 so that, for any
measurable set A C Q x R?,

/ F(v,z,t) dvdz (1)
A

gives the number of particles at time ¢ with positions « and velocities v such that (v,z) € A. The evolution
of F is governed by the Boltzmann transport equation

OF +v-V,F =C(F), (2)

where C is an integral operator that describes the collisions between particles which drive the system to local
thermal equilibrium.
Solutions of (2) formally satisfy the local balance law [CIP94]

IH(F) + V.- J(F) =S(F), (3)
where the functionals
H(g) = (glog(g) —g) and J(g) = (v(glog(g) — 9)) (4)
are the kinetic entropy and kinetic entropy flux, respectively, and
S(g) = (log(g)C(9)) ()

is the kinetic entropy dissipation. Here and throughout this paper, (-) denotes Lebesgue integration over
all v € R, and we assume for the moment that the integrals in (4) and (5) are well-defined. According to
Boltzmann’s “H-Theorem” [CIP94],

S(g) <0, (6)

with equality if and only if C(g) = 0. In such cases, g is said to be in a state of local thermal equilibrium;
and it takes the form of a Maxwellian distribution

(276)

where p and @ are positive scalars and u € R%. In this way, H acts as a Lyapunov functional for (2).

In order to reduce computational cost, the kinetic description of a gas provided by F' is often simplified
by retaining only a finite number of its velocity averages, or moments. Equations which govern the evolution
of these moments are derived by integrating (2) with respect to a vector

2
vV—1U
Mp7u79('l)) = %ﬂexp (29|> , (7)

m = (m()v"'amnfl)T (8)



whose components are polynomials in v. Since v commutes with the spatial gradient, these equations take
the form
Op+ Ve - (vmF) = (mC(F)) , (9)

where the moments
p = p(z,t) = (mF) (10)

are the spatial densities associated with F. Here again, we assume that the integrals in (9) and (10) are
well-defined.

In general, (9) is not a closed system because there is no way to express the flux terms (vmF) and
collision terms (mC(F)) in terms of p. Furthermore, in a moment description, an exact expression for F is
not available. An alternative is to approximate F' by an ansatz of the form

f[p] :}-(U7P(x7t))7 (11)

By substituting F for F' in (9), the evolution of p can be approximated by the closed system of balance laws

dhp+ V. -f(p) =c(p), (12)

where the flux term f and collision term c are given by

£(p) = (bmFlpl)  and  c(p) = (mC(F[p))) . (13)

One way to specify F is to invoke the principle of entropy minimization (or maximization in the physics
community, where the term “entropy” refers to —H and has been widely used for over a century in the
physics community). The probabilistic interpretation of entropy dates back to Boltzmann [Bol68, Bol77],
who argued that the entropy of a system of identical particles depends on the number of microstates (particle
arrangements in phase space) that are consistent with the macroscopic state of the system. This dependence
is expressed by the famous logarithmic relationship known as Boltzmann’s entropy formula [Cal85] (and
also as Boltzmann’s equation, although distinct from (2)) and was first presented in its popular form by
Planck [Pla00,Pla01]. The practical application of entropy as a tool for statistical inference was championed
by Jaynes although, in [Jay57], Jaynes himself attributes the original mathematical concepts to Gibbs, who
generalized Boltzmann’s entropy formula [Gib02]. Jaynes also credits Shannon [Sha48] for illuminating
the central role that entropy plays in the theory of information. The relationship between statistics and
information theory was further pursued by Kullback [Kul59]. Many of the first rigorous results concerning
entropy minimization can be found in [Csi75] and references therein.

Closures which are based on the entropy minimization principle use the ansatz

Flp| = arg ;21%2 {H(g) : (mg) = p} (14)

at each = and ¢ to formally close (9). Here
Fr = {9 € L'(RY) : g 2 0 and |mg| € L'(R)}, (15)

and | - | is the standard Euclidean norm.

It is readily checked that H is strictly convex over Fy,. Thus if the minimizer in (14) exists, it is unique
and the closure is well-defined. In such cases, (12) is a hyperbolic system of PDE whose solutions satisfy
the local dissipation law

dh(p) + V- j(p) = s(p), (16)
where

h(p) = H(Flp) (17)

is a strictly convex function of p and

ip)=J(Flpl),  s(p)=S(Flp]) <0. (18)

Although any choice for the ansatz F[p] will yield a system of the form (12), the entropy ansatz ensures
that s(p) < 0 and that h is strictly convex. These conditions are important for two reasons. First, the



dissipation law for a strictly convex function of p, as given by (16), implies the existence of a well-posed
linear L? (Hilbert space) theory for (12) [Str04]. Second, h acts as a Lyapunov function for (12). To see
this, note that (16) is simply (3) evaluated at F' = F|[p]; and like in Boltzmann’s H-Theorem, s(p) vanishes
if and only if C(F[p]) = 0, in which case F[p] takes the form of a Maxwellian distribution [Lev96].

The entropy minimization procedure yields an entire hierarchy of systems with the aforementioned prop-
erties whose members are generated by appending an initial choice of m with additional polynomial com-
ponents.  For this reason, entropy-based closures have been applied to other areas of kinetic theory such
as radiation transport [DF99,DK02] and charge transport in semiconductors [AMR03,DR03,JR04]. (Addi-
tional references for charge transport can be found in [AMRO03].) In the case of gas dynamics, the moment
hierarchy begins with the canonical choice m = (1,v, $|v|*)T. For this choice, F[p] is always a Maxwellian
and the entropy-based closure generates Euler’s equations for a compressible gas.

1.2 Realizability and Degenerate Densities

A density p is said to be realized by a function g € Fy, if p = (mg).  The set of all such realizable
densities will be denoted by Ry,. An entropy-based closure is applicable only to those realizable densities
for which the minimization problem (14) with equality constraints has a solution. If the moments in (14)
were continuous with respect to the L' topology, then there would always be a minimizer. Indeed, for such
cases, Borwein and Lewis have shown in [BL91] that a constrained minimizer exists for a large class of convex
functionals that include the classical entropy H. However, in gas dynamics, the moments are typically not
continuous in the L topology. As a result, there are realizable densities for which the minimizer in (14) does
not exist. For such densities, which we term degenerate, modifications must be made to the entropy-based
procedure. There are essentially two approaches:

1. Show that the set of non-degenerate densities is invariant under the dynamics of the balance law (12)
with the entropy-based closure (as discussed in [Jun98]) or impose such a condition in a way that is
physically reasonable and mathematically justifiable.

2. Develop a modified closure that (i) is well-posed for all physically realizable values of p, (ii) recovers
the minimum entropy-based closures whenever the minimizer in (14) exists, and (iii) generates systems
of hyperbolic PDE that dissipate a physically meaningful, convex entropy. This is the approach taken
in [Sch04].

We define Dy, to be the set of all degenerate densities. In general, the set Dy, depends on m, and
understanding its geometry is critical to determining whether entropy-based closures can be used in practice.
In either of the modified approaches listed above, it is important—at the very least—to show that Dy, is
small in some sense, thereby minimizing the number of physically realizable spatial densities which require
special treatment. In the first approach, this means limiting the number of initial conditions which must
be discarded; in the second, it means limiting the number of physically realizable densities which require a
modified closure.

Another reason to study Dy, is that the equilibrium densities, i.e., those densities which are moments of
a Maxwellian distribution (7), lie on its boundary [Jun98,Jun00, Sch04,Lev96]. Because the kinetic entropy
drives solutions of (3) toward local thermal equilibrium, we expect that trajectories defined by solutions to
(16) will, at times, come very close to Dy,. Thus it is very important to have a detailed understanding of
its geometry.

Previous studies of the set Dy, can be found in [Jun98, Jun00, Sch04]. In [Jun98], Junk provides a
geometric description for Dy, in a one-dimensional setting (d = 1) with m = (1,v,v% v3,0*)7. In turns
out in this case that Dy, is a co-dimension one manifold. This result was discovered, in part, by extending
the definition of h given by (18) to include cases where the minimizer in (14) does not exist. This is done

simply by replacing the minimum in (14) with an infimum, viz.

hi(p) = inf {H(g): (mg) = p} . (19)
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Later, in [Jun00], Junk considers a more general case in which m consists of a radial component |v|V,
for some even integer N > 2, plus polynomials components of lower degree. For such cases, he provides an
integrability condition to determine whether Dy, is non-empty. In practice, this condition is easily checked
and extensible to more general choices of m. However, a description of the geometry of Dy,, as given
in [Jun98], is still lacking for the general setting.

In [Sch04], Schneider introduces a different extension for h by relaxing the constraints in (14):

hs(p) = min {H(g) : {(mg) =° p} . (20)

Here the notation (mg) <° p means—roughly speaking—that inequalities between certain components are
allowed. (See Section 3.2 for a precise definition.) The key difference between (14) and (20) is that the
constraint set of the latter is closed in the weak-L!(R?) topology, whereas the constraint set of the former
is not. Schneider uses this fact to prove that the minimizer in (20) with relaxed constraints always exists
and is equal to the minimizer with equality constraints (14) when that minimizer exists (see our Theorem 3
and Corollary 4 below). In doing so, he provides a necessary and sufficient condition to determine whether
a given density p is an element of Dy,. However, this condition gives little insight into the geometry of Dy,.

The main contribution of the present paper is a geometrical description of the set Dy, in the most general
possible setting. Our results are based on a dual formulation of (20) and are summarized in the following
theorems.

e In Theorems 14 and 16, we prove strong duality for both the equality constraint problem (19) and the
relaxed constraint problem (20). One consequence of these theorems is that hg = hj, even when the
infimum in (20) is not attained. In Theorem 14, we also prove complementary slackness conditions
which relate the density p in (20) to the dual variable and serve as the basis of our geometrical
description.

e In Theorem 25, we show that the set Dy, is a union of convex cones. The vertices of these cones are
non-degenerate densities that lie on the boundary between the degenerate and non-degenerate densities
in Ry,. This conical description is based on the complementary slackness condition from Theorem
14.

e In Theorem 28 we show that, under reasonable assumptions, the set Dy, is a nowhere dense subset of
Rm that has Lebesgue measure zero and is restricted to the boundary of the non-degenerate, realizable
densities. The assumptions we employ hold in all known cases. Whether they hold in general is an
interesting and (to our knowledge) open question in analysis and algebraic geometry.

In the process of investigating Dy, we also recover and extend many previous results from both [Jun98,Jun00]
and [Sch04].

The organization of the paper is as follows. In Section 2 we introduce some notation and background
information. In Section 3 we review the entropy minimization problem. In Section 4 we give a dual
formulation of the minimization problem with relaxed constraints (20) and prove duality theorems for both
(19) and (20). We use these theorems to show that hg = h; (even when the infimum in (19) is not attained)
and to establish a complementary slackness condition. In Section 5 we review the formal structure of
entropy-based closures for non-degenerate densities and determine how that structure differs for degenerate
cases. In Section 6 we use the complementary slackness condition to describe the geometry of Dy,. We then
introduce the assumptions that allow us to make further assertions about the ‘smallness’ of Dy,. At the end
of the section, we present two examples. In Section 7 we give conclusions and discuss future work. Finally,
in the appendix we provide a diagram and tables to assist the reader with notation.

2 Preliminaries

In this section, we introduce notation and present preliminary results. We refer the reader to the appendix
for help in recalling the notation and useful properties for sets and mappings given throughout the paper.



2.1 Admissible Spaces

For a given moment system, the choice of m must satisfy criteria based on physical considerations. We
require that components of m form a basis for an n dimensional linear space M of multivariate polynomials
over the field of real numbers that satisfies the following conditions:

I. M D span{1,vy,...vq, |v|2};
IT. M is invariant under translation and rotation; (21)

III. The set M. = {p € M : (Jp|exp (p)) < oo} has non-empty interior.

Our definition of M is slightly different than the original definition given in [Lev96]. However, its interior
is the same under both definitions.

Spaces that satisfy Conditions I-IIT are called admissible. According to Condition I, any set of moment
equations will incorporate the conservation laws for mass, momentum, and energy which are given by the
moments of the kinetic distribution function with respect to 1, v, and %|v|?, respectively. In Condition
II, invariance under translation and rotation means that for every u € R3 and every orthogonal matrix O,
the mappings v — v — u and v — OTv map M onto itself. These properties will ensure that the moment
equations are Galilean invariant—that is, invariant under the transformations z +— z — ut and  — OTz.
Condition III applies specifically to entropy-based closures. It turns out that the minimizer (14), if it exists,
has the form eP, where p € M.. Hence a non-empty interior for M is a necessary requirement for any
practical applications.

Typically an admissible space M is generated by the span of polynomial functions whose moments are
physical quantities of specific interest. (Here the canonical examples are the polynomials 1, v, and %|v|2)
It may be that additional polynomial components are added to m to ensure that M is admissible. It should
be noted that the vector m that generates a given M is not unique.

For convenience, we will assume, without loss of generality, that the components of m are homogeneous.
We decompose m into sub-vectors:

T T T)T

m:(mg7m17m2a"~7mN 9 (22)

where the n; components of m; are the j** degree polynomial components of m. Consistency requires that
Z;V:O n; =n. Any polynomial p € M can be expressed as the sum of its homogeneous components:

N

T T
p=a m=Zajmj, (23)
J=1
were a € R™ is a vector of constant coefficients that decomposes into sub-vectors
T T T T\T
a=(af,af,a),....,ay) . (24)

We briefly outline how one can generate a space M. Given the even integer N > 2 and j < N, let Q; be
the space of all homogeneous polynomials from R? to R of degree j. For each j, Qj can be composed into
rotationally invariant subspaces in the following way [Fol76, Corollary 2.60]

H, 2H,_ ‘Hi_4®...® [v/H j
@j:{ @ PH_e & v Hj—a @ ... & |[v]'Hy, j even, (25)

H; @ |v]?H; o @ | H;_4&...® o 'Hy, jodd.

Here H, is the space of harmonic polynomials of degree k given by

Hj, = |v|* span {Y’“ (|Z|> } , (26)

and Y* maps vectors on the unit sphere S~ to the k-fold spherical harmonic tensor, which is unique modulo
constant multiples. (Here the term “span” refers to all real linear combinations of the scalar components
of the tensor.)



The decomposition in (25) is unique in the sense that no proper subset of the subspaces in (25) is
rotationally invariant [Fol76]. Thus, in order to be rotationally invariant, an admissible space M must be
a direct sum of some combination of the subspaces in (25) taken from each Q;, j < N. In addition, the
condition of translational invariance implies that choices for larger values of j will directly affect choices for
smaller values of j. For example, inclusion of the term |v|/ requires inclusion of the lower degree terms in
the expansion of [v — ul.

To satisfy Condition IIT, Ml must include polynomials from Qn which dominate the behavior of odd degree
polynomials of lower degree for large |v|. In particular, M must include multiples of \v|N. This is because
spherical harmonics (both odd and even) other than Y° = 1 take on both positive and negative values on the
unit sphere. Excluding |U\N would therefore lead to polynomials p, all of which satisfy lim,_ . p(rw) = oo
for all w contained in some subset of S¥~! with positive Lebesgue measure. In such cases exp(p) is not
integrable for any p € M, and Condition III is violated.

In applications it is sometimes convenient to represent components of m in tensor format. There are
two reasons for this. The first reason is the convenience with which one can express m given (25) and (26).
The second reason is that the evolution of the moment of (T'F') for any j-fold tensor T' = T'(v) depends on
the divergence of the (j 4 1)-fold tensor (vT'F) (refer to (9)).

The tensors in which we are interested are often symmetric and sometimes traceless. For example, the
Gaussian closure which will be described in Section 5.3 is based on the vector

my 1 1
m —= m; = v = v y (27)
my vV (vVv—3lT) + $|v)?

where v V v is the symmetric tensor product of v with itself. (1) In the strict vector representation, my is
composed only of the d(d+ 1)/2 linearly independent components of the tensor vVv. The components have
the form v;v; where 1 <i < dandi <j <d.

Vectors a € R™ can also be represented by tensors, in which case the product in (23) is interpreted as a
sum of tensor inner products. () However, for a given a polynomial p, the tensor form of a in (23) is unique
only under the additional requirement that it have the same symmetry properties as m.

2.2 Cones

Many of the sets that we will encounter in this paper are cones [BNO03,Roc70]. A subset C of R¥ is a cone
if, for all real numbers A > 0, y € C if and only if Ay € C. A cone is solid if it has non-empty interior. A
closed cone C'is pointed if —C' N C' is the origin. A closed cone that is convex, pointed, and solid is called
proper. For example, the set Fy, is a solid, convex cone, whose closure in L'(R%) is proper. Several other
cones will be introduced in the subsections that follow, and eventually, we will see that the set Dy, is also a
cone.

Associated with every cone C is its polar cone (3)

Co={zeRF:2Ty<0 vyeC}. (28)

LGiven a symmetric j-fold tensor S and a symmetric k-fold tensor T, the symmetric tensor product of S and T is

1
SVI=TvVS= m ZH Siw(l)"“1.’7"'(.7)Ti7r(J+1)v"~7.’7r(‘7+k) ’
TE

where II is the set of all permutation of the integers 1,...,j + k.
2For k > j, the symmetric inner product (or contraction) of a symmetric j-fold tensor S and a symmetric k-fold tensor T is

(S T)ijyr,ijyn = E Sitseensig Tinyeoigyigiaseijan -

Tl yenny i
3The polar cone is the negative of the dual cone

C*E{zERk:ZTyZO ‘v’yEC}.



It is readily checked that the polar of a proper cone is proper.
A vector z € RF is tangent to a subset 2 C R¥ at a point y € Q if z = 0 or if

lim A=Y = = (29)
j=oo ly; —yl 2]

for some sequence {y; };";1 C Q such that y; — y, but y; # y for all j. The tangent cone of Q at y, which
we denote 7C(,y), is the set of all vectors that are tangent to  at y. A vector w € R¥ is normal to Q at
y € QL if there exist sequences {y;}32; C Q and {w;}52, C R* such that

vi—y,  wi—w,  w; € (TC(Qy;))°" V. (30)

The normal cone of Q at y, which we denote NC(£,y), is the set of all vectors that are normal to Q at y.
For the important case that 2 is convex,

NC(Qy)={zeRF:2T(y —y) <0, Vy eQ}. (31)

In particular, NC(Q,y) is convex. If 9Q is a C' (continuously differentiable) manifold containing y, then
NC(Q,y) is a ray with base point at the origin that points in the outward normal direction to 9Q at y.
More generally, given any C'' manifold M > y of dimension j, NC(M,y) is a subspace of dimension n —j. If
M c Q, then NC(Q,y) C NC(M,y). In Sections 5.4 and 6.4, we will use the notation N'Co(2,y) to denote
the normal cone without the origin:

NCo(Q,y) = NC(Q,)\{0} . (32)

A particularly useful application of cones is to provide a partial ordering of elements in R* (or, more
generally, in any vector space). Given a pointed, convex cone C' and ; and y, in R¥, we say that y; <¢ v,
or ys >c¢ Y1, if and only if yo — 9y € C.

2.3 Realizable Densities

Our motivation for solving (14), (19), or (20) is to find a closure for the moment equations (9). Thus we
are only interested in constraints based on densities which are realizable, i.e., elements of the set

Rm={peR":p={mg), g€ Fn}. (33)
With this notation we formally define the set Dyy,:
Dm = {p € Rm : the minimizer in (14) does not exist} . (34)

A density p € Ry, has a natural decomposition based on the decomposition of m in (22):

T
p=(p}.p1.P%,....PN) . (35)

where p; = (mjg) for some g € Fp,. The set Ry, has several important properties, one of which is its
relation to the cone

Amz{aeR”:aTmSO}. (36)
It is straight-forward to verify that Ay, is a proper cone.

Theorem 1 (Junk [Jun00]) The set Ry, is an open, convex, solid cone; and its closure is proper. In
fact, Ry = int Ay, and every vector in R is realized by a bounded, non-negative function with compact
support.

Proof. We refer the reader to Theorem A.2 of [Jun00] for a proof (which applies to the case my = |[v|V, but
can be modified to the general case with little effort). However, to provide the reader with some intuition,
we show here that Ry, Cint A2,. Let p € Ryy. Then p = (mg) for some g € Fyy, and according to (36)

a’p={a"mg) <0 (37)

for all a € Ay,. Further, since a”'m is a polynomial, it can be zero only on a set of zero Lebesgue measure.

Hence a’ p < 0, which proves p € int A%,. m



2.4 Exponentially Realizable Densities

We will see below that the minimizer of (20) has the form
Ge = exp(a’m), (38)
where a solves the dual problem to (20). The integral of G4 is the density potential
h(a) = (Ga) (39)

which was introduced in [Lev98] as a tool for elucidating the formal structure of entropy-based closures. As
the notation suggests, h* is the Legendre dual of h. In Section 5, we will discuss this relationship in more
detail. The name “density potential” is derived from the fact that its formal derivative r generates the
moments of G. Given the set

Am ={a eR": Gy € Frn}, (40)

r: Ay, — R is defined by
r(a) = (mG.) . (41)

It should be noted in (40) that the condition av € Ay, is stronger than G4 € L! (]Rd), since the latter can
still yield moments that are infinite. The image of A, under r is the set of exponentially realizable densities:

REP = r(Ap) . (42)

The set RexP is a solid cone. It need not be convex; nor is it necessarily open.
Since r(Am) = REP it is important to understand the structure of Ay,. Its interior has a rather simple
expression:
intAm = {a €R" :ajmy(v) <0 Vo#0}={aeR" :ay €int An,}, (43)

where
Am, ={0; €RY :0fm; <0}, 1<j<N, (44)

is a proper cone for j even. (It can be checked that Condition IIT of Section 2.1 is equivalent to int A, being
non-empty.) If a € int Ap,, then the behavior of p = a’m is dominated for large |v| by the homogeneous
component py = akmy, and

Jm p()= lim px(e) = T ol py (v/]0]) = oo, (45)
For such a, G4, decays exponentially and the moments r(c) are finite.
From (43), one can easily show that

A ={aeR":ay € Am,} and OAm C{a e R" :any € 0Am, } - (46)

Even so, the boundary component A,,N0.Ap, is, in general, very complicated. If & € 0 A, then ay € 0Am,
and py(Av) = 0 for some v # 0 and all A € R, and it may be that there are unbounded sequences {v; }22;
such that lim; .. p(v;) > —oo. In such cases, it is not clear whether the moments r(a) are finite, i.e.,
whether a € A,;,. We will revisit this issue in Section 6.3. For now, we turn our attention to the entropy
minimization problem (20).

3 Entropy Minimization

Most of this section reproduces and discusses the main result from [Sch04]. In this setting, we then state
Theorem 9, which is the basis for our new results.



3.1 The Entropy Functional
Recall that the strictly convex entropy functional H : Fyy — R U {00} is given by

H(g) = (glogg —g) - (47)

By employing the convention 0log 0 = 0—which is consistent with the fact that lim, .q z log z = 0—one can
make sense of the integrand for those values of v where g(v) = 0. There are functions g € Fy, such that
H(g) = +o0; however, in order for H(g) to be well-defined, the negative contribution to the integral, H™(g),
must be finite. We show this is indeed the case.

Lemma 2 For each g € Fry, let Ky = {v € R : g (v)log(g (v)) — g (v) <0}. Then
B =-— v)lo v)) — g(v)) dv v)2g(v) + e ") du.
H™ (9) = /Kg(g()lg(g()) g(v)) d S/Rd(llg()Jr )d (48)
In particular, H™ (g) is finite.

The proof of this lemma is based on Young’s inequality: for all z,y > 0,

zlogz —z > ylogy —y + (logy) (2 — y) (49)

or, equivalently,
zlogz— 2> zlogy —y. (50)

These two inequalities follow immediatzely from convexity of the mapping z +— zlogz — z.
Proof. Letting z = g (v) and y = e~ " in (50) gives—after integration over K,

H (g9) < / (|v|2g(v) + ef‘”|2) dv < / (\U|2g(v) + eilv‘z) dv, (51)
K, R
which is finite since [v|> € M. =

3.2 Schneider’s Problem
Given p = (pgy, ..., Py) € Rm, we seek a solution of (20), where the relation (mg) <° p (or, equivalently,
p =° (mg)) is a shorthand for
(mjg) =p;, 0<j<N-1, (52a)
(myg) <ag, . Pn (52b)

and A7, = (Amy)°. Note that (52b) means that
ok (myg) < akpy whenever almpy >0. (53)

The components of (m;g), 0 < j < N, will be referred to as lower-order moments, and the components of
(mpyg) will be referred to as higher-order moments.

The main result from [Sch04] concerning the minimization problem with relaxed constraints (20) is the
following theorem.

Theorem 3 (Schneider [Sch04]) For any p € R, there is a unique minimizer for the minimization
problem (20).  This minimizer has the form G4 given by (38), where o € Ay,. Conversely, for each
a € Ay,

H(Ga) = min {H(g) : (mg) =° r(a)} , (54)

gEFm

where r(ax) is given by (41). Moreover, G, also satisfies the equality constraint problem (14) with p = r(a).
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We define a : Ry, — Am as the mapping which assigns to p € Ry, the vector a € Ay, such that G,
solves (20)—that is,
Ga(p) = arg gIg[iFn {H(g) : (mg) =° p} . (55)

The converse statement of Theorem 3 implies the following.

Corollary 4 Let p € RP. Then Gyap) is the unique minimizer of the entropy minimization problem with
equality constraints (14).

To help the reader’s intuition, we provide a proof for Theorem 3 with the use of three lemmas. The first
lemma is used to prove existence of a minimizer for the minimization problem with relaxed constraints (20),
and the first item of this lemma is a direct consequence of Lemma 2.

Lemma 5 (Schneider [Sch04]) The entropy functional H satisfies the following:
1. H(g) > —oo for all g € Fyy.
2. H is convex, lower semi-continuous with respect to the norm ||g[L1 ey = (|mg]) .

3. Subsets of Fp, which are bounded in the LL (R?) topology and on which H is bounded are weakly
relatively compact in L*(RY).

The second lemma is a statement about the constraint set
Cm(p) ={g € Fm : (mg) =° p} . (56)
Lemma 6 For each p € Ry, the set Cin(p) is closed in the weak-L' topology.

Proof. Let {gx};—, be any sequence in Cim(p) that converges in weak-L!'(R?) to a function g.. For the
highest order moments, Fatou’s Lemma implies that if a%my > 0, then

o (myg.) < lim o (myg) = ooy (57)

For j < N, more can be said. We break up the integral (m;g;) into two pieces:

p; = (mjg) :/

" ijgkdv+/ m;gy dv, (58)
v|<

[v|>R

where R > 0 is an arbitrary constant. For the first term in (58), weak-L!(R¢) convergence implies that
k—o0 .
/ m;g,dv — mj;g.dv, 0<j<N. (59)
[v|[<R [v|<R

Meanwhile, in the second term

|m; | Co
[N = RN=j’

>R, 0<j<N (60)

for some constant C that is independent of R. Hence

my|, N Co N
m%mg/ 0¥ g dv < —2 sup [{[o| ¥ gi)| - (61)
/|U>R ! wi>r (VY RN=J 7y, I )
Since {gk}rey C Cm, the sequence {<|U|N9k>};il is uniformly bounded in k, and it follows from (59) and
(61) that
lim |p;, — (m;g)| < lim lm;gr — m;g.| dv < Co = sup (Jv[Nge) + (v[Vg.) | < 2 - (62)
k—oo ' 7 J ~ k—oo lv|>R J J ~ RN—J k RN-j

11



for some constant C; > 0 that is independent of R. Since R can be arbitrarily large, we conclude that
(mjg.) = p; for all j < N. Hence g. € Ci(p). ®

The third lemma is used to prove the form of the minimizer. For any bounded measurable set K C R?
and any locally integrable function g, let

<g>K5/g(v)dv and FE={9eLi(RY):g=0and (jmig|), <oo,i=0,....n—1}. (63)
K

On FX | we define
H5(g9) = (glogg — ) » (64)

As with H, the negative contribution to H* must be finite (see Lemma 2) in order for it to be well-defined
and restricting Dom(HX) to FX ensures that this will be the case.

Lemma 7 (Junk [Jun00,Jun98], Borwein-Lewis [BL91]) For any bounded set K C R and any func-
tion f € FX | the problem

min {H"(g) : (mg) x = (mf),} (65)

g€FE

has a unique minimizer, which takes the form Gg for some o € R™.
Proof of Theorem 3. The proof has three parts.
1. Existence and uniqueness. Let p € Ry,. By Theorem 1, the set
Cm(p) ={g € Fm : (mg) =° p} (66)

contains bounded functions with compact support. Because such functions have finite entropy, the
subset of Cyn(p) on which H is finite is non-empty. Moreover, by Lemma 2, H is bounded below
on Cm(p). Hence hg(p) is finite, and there exists {g;};=; C Cm(p) such that H(g;) — hs(p). By
Lemma 5, there is a subsequence {g;, } r-, that converges in weak-L' to a function g,, and since Cyn(p)
is closed (Lemma 6), §, € Cm(p). Finally, since H is lower semi-continuous (Lemma 5),

H(3p) < Jim Hlgi,) = hs(p). (67)

Thus g, attains the minimum in (20), and strict convexity of H implies that the minimizer is unique.

2. Form of the minimizer. According to Lemma 7, for any bounded set K C R¢

min {HK(g) s (mg), = <mg,,>K} (68)
has a solution of the form G. We conclude then that g, = G4 on K; otherwise, the function
v | Gav) veK
) ={ ) ve X (69

would satisfy H(g;) < H(gp), an obvious contradiction. ~Since K is arbitrary, we conclude that
gp = Gq and, in order to satisfy to constraints in (20), that o € Ap,.

3. Converse statement. Applying Young’s Inequality (49) to z = g and y = G4 and integrating over
all velocity space gives

H(g) 2 H(Ga) +a” (m(g - Ga)) - (70)

By hypothesis, a € Ay, which implies ey € Apm,. Thus if g € Fyy, satisfies (mg) <° (mGy), then
according to (52) and (53),

N
o’ (m(g - Ga)) = Y af (mj(g - Ga)) = aly (my(g - Ga)) = 0. (71)
j=1
Thus, from (70), H(g) > H(Gea). This concludes the proof.
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The existence part of this proof provides some intuition as to why the optimization problem with equality
constraints (14) may not always have a minimizer. Suppose that the minimizing sequence {g;, };-., were
restricted to the set

Co(p) = {9 € Fm : (mg) = p} (72)

rather than merely lying in Cm(p). Then {g;, } s, would still converge in the weak-L*(R?) topology to .
with (m;g,) = p; for j < N. However, the bound in (61) does not help when j = N. Hence there is no
way to ensure that (myg,) = py—only that (myg,) <as py. This is precisely why Schneider introduces
the inequality constraint: Cp,(p) is closed in the weak-L! topology whereas CO (p) is not.

Such behavior begs the following question: For what values of p does a minimizing sequence for (14)
not converge inside C9 (p)? These will be the densities which make up the set Dy,. In [Sch04], Schneider
attempts to address this question in the following corollary to Theorem 3.

Corollary 8 ( [Sch04]) Given p € Ry, the minimizer in (14) exists if and only if there is no function of
the form G in Cm(p)\C(p).

Unfortunately, this result provides little understanding of the geometry of Dy,. A more insightful point
of view is given by the following theorem.

Theorem 9 Given p € Ry, the minimization problem with equality constraints (14) has a minimizer if and
only if p € REP.  In other words,
Dm = Rm\RuP. (73)

Proof. The “if” part of this theorem is just Corollary 4. The “only if” part will be proved at the end of
Section 4.3. =

An immediate consequence of Theorem 9 is that Dy, is a cone. However, the essential point of the theorem
is that when Dy, is non-empty, there are realizable densities p that cannot be realized by a functions of the
form G. In other words, p ¢ REP even though a(p) € Ap,. It is this idea which lays the foundation for
the results in [Jun98, Jun00], where a description of Dy, is given for the case my = |v|N . Theorem 9 will
also be the basis for the new results of this paper. However, for a general admissible space M, we will need
to formulate the dual for relaxed constraint problem (20) and derive complementary slackness conditions in
order to find a useful geometric description for Dy,. In the process, we will recover and extend many of the
results from [Jun98, Jun00] and [Sch04].

4 Dual Formulation

Because H is convex on Fy, and the constraints in (20) are linear, it is reasonable to apply a dual treatment to
the relaxed-constraint problem, e.g. [Lue69, BV04,BNOO03]. In this section, we prove two important duality
theorems and the complementary slackness conditions that accompany them. We also give an alternate
proof of the form of the minimizer in Theorem 3 and a proof of the “only if” part of Theorem 9.

4.1 The Dual Function
We define the Lagrangian function £ : Fp, X R™ X Ry, — R U {00} associated to (20), by

L(g,a.p) =H(g) + ' (p — (mg)) (74)
and the dual function ¢ : R” X Ry — RU {—0o0} by
Y(a,p) = inf L(g,a,p). (75)
9E€Fm

The dual function is closely related to the density potential A*. In fact, we have the following.
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Theorem 10 For all @ € Ay, and p € R,
Y(a, p) = L(Ga,,p) = al p—h* (). (76)

Proof. We apply Young’s Inequality (50) and make the identification z = g and y = G4 to derive the
point-wise inequality
(9logg —g) —a'mg > ~Ga. (77)

Integration of (77) over R? and addition of a” p to both sides gives a lower bound on £ and hence 1:
(e, p) > a’p—h*(a). (78)

For a € Ay, the definitions of H, G4, and h* (given in (47), (38), and (39), respectively) imply that

H(Ga) = o (mGy) — (Go) = a’ (mGy) — h*(a). (79)
Thus by (74),
L(Ga,a,p)=a’p—h*(a), (80)
so that, from (75),
bla,p) < alp—h'(a). (s1)

Together (78), (80), and (81) imply (76). m

4.2 Smoothness Properties of the Dual Function

The following smoothness properties of ¥ will be used throughout the remainder of the paper.
Theorem 11 Let p € Rym. Then

1. Y(-, p) is strictly concave on Am and infinitely Fréchet differentiable on int Ay, with derivatives

oY _

%(a7p) =P r(a) ) (82&)
o .
ng(a,p) =— <mv(1)Ga> , i>1, (82b)

where mY (9 s the it" tensor power of m.(*)

2. For any a, B € Am, the function

o(1) =¢(ra+(1-7)8,p) (83)
is twice differentiable at each T € [0,1] (one-sided at endpoints) with derivatives
¢(r)=(a=p) lp—r(ra+(1-7)8), (84a)
2
5'(1) =~ ( (@~ 5" m) Grarana) - (41)

In particular, the function ¢'(T) is a decreasing function of T.

3. The function (-, p) is upper semi-continuous on Apm.

4The tensor power of a symmetric tensor S is defined recursively. For n > 1, SV = §v §V(n—1) while V1) = §.
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Proof. For the proofs of the first two statements above, we refer the reader to Lemmas 5.1 and 5.2 in [Jun00]
along with a few comments. First, the lemmas in [Jun00] refer to h* rather than (-, p). This makes little
difference since the two functions differ only by a linear factor (see Theorem 10). Also, the proofs in [Jun00]
are constructed specifically for the special case when my = |v|"; however, modifications to the general
setting are straight-forward. To prove the third statement we simply invoke Fatou’s Lemma. Given a
sequence {a(i)}il C A with limit o € Ap,

%

(Ga) < lim (Gay,) - (85)

o0
Hence lim; o0 ¥(a(i), p) < Y(c,p). m

Corollary 12 For all a € int A, hjy (@) = r(a) and b}, (o) = (mm?Gq), which is positive-definite on
o € int An,.

Several remarks should be made concerning Theorem 11. First, statement 1 implies statement 2, but
only for @, 3 € int Ap,. Second, for @, 8 € Am N OAm, ¢” need not be continuous and higher derivatives
may not exist . Finally, in spite of the smoothness properties given by Theorem 11, the dual function need
not even be continuous on Ay, N0An,. Indeed, given a sequence {a(i) }Zl € Ap with limit « € Ay NOAm,
it is possible that h* () < lim; .o h*(cx(;)). As an example, consider the one-dimensional case (d = 1) when
m = (1, v, 02,03, v4)T. This case has been studied in detail in [Jun98]. Given the following five points in
the (v, w) plane:

(v, wp) = (0,0) , (v1,wy) = (1,0) , (v, wo) = (i, —4%) ,
(1)3,71)3) = (21,1) ) (’1)4,11}4) = (2Z + 1a0) y

the unique degree four polynomial interpolating these points is

4
pi(v) = a%’;)m(v) = Z gV, (86)
j=0
where
0 2i+1 4242 42 +6i+1 22 +4i+1
Qo) = Q1) = Qo) = — —
0@ = ¥ O~ 2" 21 2 2 —1 432 —2;
4i+2  3i+2 1 1
Ay — = — — .
30) TR 1 T2 ot MO T TR T 429

(The notation ay;) denotes a sequence of vectors rather than the usual notation c;, which denotes the
components of a single vector a corresponding to polynomials of degree i). As i — oo,

T
9 9 9 9
oy — Q= (O, 2 —2,070) and Gq, = exp (—21}2 + 21}) . (87)
The density potential h*(c,) moments r(c.) are finite. Therefore . € Ap,, but clearly o, ¢ int Ay,.
Moreover, one may readily check that p; is positive and concave on the interval [2i,2i + 1] and hence,

2i+1 2i+1 -
W (aiy) = (Gay,y) >/2_ epi(”)dv>/2_ 1+ pi(v)) dv > 1+%—>oo as i — 00. (88)
Note that the second inequality above follows from the fact that e* > 1+ z, while the concavity of p; on
[2¢,2i 4+ 1] implies that the graph of p; lies above the line segment ¢ joining the points (27,¢) and (2¢ + 1,0)
in the (v, w) plane. Therefore the integral of p; over [24,2i + 1] is bounded below by the area of the triangle
formed by ¢, the v-axis, and the line {v = 2i}. The area of this triangle is i/2. A similar argument shows
that, for any j > 0, <|v|jGa(i>> — 00 as 1 — oo while <ija*> is finite.
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The reason that (-, p) is discontinuous at the boundary of Ay, is the same reason that the minimization
problem (14) with equality constraints fails: because mass at the tails of the functions escapes as i — co.
In the example above, this is precisely what happens to the mass of G, that is supported on the interval
[2i,2i +1]. The same thing occurs with the minimizing sequence {g;, } —; in the proof of Theorem 3. The
difference is that, for {g;, } -, only the highest moments fail to converge in the minimizing sequence, whereas
none of moments in this example converge. The reason for this difference is that the moments (mg;, ) are
all bounded. The moments of {Gq,,, }72; would converge if higher order moments were controlled in some
way. Controlling the moments is, in effect, the same as requiring a; — a,. along a specified path. In fact,
we will see at the very end of Section 5.4 that the the map p — 9 (a(p), p) is continuous on Ry,.

4.3 Duality Theorems

The main results of this subsection are based on the following strong duality theorem where, for a given
cone C, the notations “<s” and “>¢” are defined in the last paragraph of Section 2.2.

Theorem 13 ( [Lue69]) Consider the problem

minimize fo(z) (89)
subject to filz) <k, 0,i=1,....,m; Ax=hb,

where the functions fo,..., fm : X — R U400 are convex over a vector space X, A : X — RF is a linear
mapping, b € R¥, and each K; is a proper cone for i =1,...,m. Let D be the intersection of the domains
of fo, -y fm (i-e., D is a convex set over which each f; is finite). Suppose there exists T € D with f;(Z) <0,
i=1,..,m, and AT = b. Further suppose that the set {Ax—b:x € D} contains a neighborhood of the origin.
Then strong duality holds, i.e.,

inf{fo(z) : fi(z) <k, 0,i=1,...,m; Az =b} = sup igg {fo(z) + 24\ fi(z) + v (Az — )} (90)
Ai>go0 ¥

veR*®

and the dual optimal value is attained whenever it is not —oo.

Theorem 13 follows from [Lue69, Exercise 8.7] and can be proven using arguments found in [Lue69, Chapter
8]. It can also be proven along the lines of similar results found in [BV04, Sections 5.3.2 and 5.9.1]. However,
whereas those results require the existence of some Z in the relative interior of D, Theorem 13 requires only
that £ € D. A side benefit of this is that there is no need to specify a topology on X. In return, our
condition that {Ax — b : x € D} contains a neighborhood of the origin is not present in the statements
in [BV04].

To prove Theorem 13, one may repeat the arguments found in [BV04, Section 5.3.2] with the notation
“<” changed to curly “<X”. The only difference from that proof is in the contradiction argument showing
(in the notation of [BV04]) that x = 0 is not possible. The proof in [BV04] first shows, with logic that
remains valid under our weaker assumptions on z, that if © = 0, then there must exist v # 0 such that
v (Ax —b) > 0 for all x € D. At that point, our assumption that {Az —b: 2 € D} contains a neighborhood
of the origin immediately implies that v = 0, which yields the requisite contradiction.

The statement of Theorem 13 is of much interest in the present context for two reasons: (i) our primal
decision variable g lies in an infinite-dimensional vector space and (ii) it is not straight-forward to show that
the relative interior condition on Z (or in our case §) actually applies. (However, see [BL91, Definition 2.1],
where the authors introduce the notion of pseudo relative interior.) On the other hand, that our additional
condition on {Ax — b : z € D} holds is a direct consequence of the openness of R,.

Direct application of Theorem 13 leads to the following results.

Theorem 14 Let p € R, and let hg and 1 be given by (20) and (75), respectively. Then

hs(p) = max ¥(a, p), (91)

€A,
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where the mazimum on the right is attained by a unique & € Am. If §p solves (20), then g, = Gg.
Furthermore, g, and é& satisfy the complementary slackness condition

aTp=a

" (mg,) = &" (mGq) (92)
and g, minimizes L (g, &, p) over Fry,, i.e.,
Y(&,p) = L(Gp, & p) - (93)

Proof. Theorem 14 may be recast in the form of Theorem 13 by setting m = 1 and introducing the following
mapping of notation:

X = Ly, (RY); fi(z) = py — (myg) ; Az — (mjg) , j=1,...,N—1;
T g; Ki— AR b—p;, j=1,...,N—1;
Jor—H; A= ay; veaj, j=1,...,N—1.

All the conditions of Theorem 13 hold. However, we must be careful to ensure that H is restricted to a
domain on which it is finite. Thus we consider the minimization problem over the set

Fn = {9 € Fr : H(g) < 00} . (94)

This set is convex and includes all bounded function in Fp, with compact support. Thus by Theorem 1, the
moment mapping g — (mg) maps Fy, onto Ry, and since Ry, is open, the set

{(mig) —p,:g€Fm, i< N} (95)

contains a neighborhood of the origin. By the Polar Cone Theorem [BNOO3, p.162], (A7, )° = Amy s0
that strong duality holds, i.e.,

hs(p) = max {Y(a, p) i any € Amy} - (96)
acRn”
Moreover, because 1 is strictly concave, the maximum in (96) is attained by a unique & € {a € R" : ay €
Ampy }- According to the constraint conditions in (52)
(m;g,) =pforj <N and &y (mygp) > &ypy - (97)

Thus &” (p — (mg,)) < 0 and

he(p) = w(@.p) = il {H(g) +&" (p— (ma))} < H(3p) +&" (b~ (mg)) < H(gp) = hslp) . (98)

Equations (92) and (93) follow immediately.
To finish the proof, we need only show that & € Ay, and g, = G4. For any non-negative function g,
straight-forward calculation verifies that

glogg—g— & "mg=¢(g) — Ga, (99)
where

Ga

Applying (49) with z = g/G4 and y = 1 shows that for each v € R, ¢(g(v)) > 0, with equality if and only
if Ga(v) = g(v). Now, for each R > 0, define the set Bg = {v € R%: [v| < R}. Setting g = g, in (99) and
integrating over Br gives

o(g) = {g log <g> +(Ga — g)} : (100)

"2 (3p) = (&' mp) = (0(30) 5y, — (Ca)p, - (101)

Br
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(Note that, since g, € Fm,, all the integrals above are well-defined.) From (74), (101), (76), and (39), it
follows that

L (§p, &, p) = H(gp) + &" (p — (mgp))
= HBR(QP) + HRd\BR (9p) + a’ (P - <m§p>BR - <mgP>Rd\BR)

= (0(30)) g, = (Ga) g, + H*P(3,) + &" (p = (W), )

= £(G8",6.p) + (0(30)) p,, + TP (3p) — & (M), (102)
where )
Br N Ga(v), v € Bp
Gd (U) - { 0’ v ¢ BR . (103)

Now since ¢(g(v)) > 0, the function R — ®(R) = (¢(gp))p,, is a non-negative and non-decreasing, and
®(R) = 0 if and only if G4 and g agree on Bg. On the other hand, since H(g,) and (mg,) are finite,

HRd\BR(gp) —aT (mgp)pa\p, =0 as R—oo. (104)

It follows then from (102) that for R is sufficiently large,
£(gpé.p) > £(GE" & p) (105)

unless Gg’:‘ agrees with g, on Br. Since §, minimizes £ (-, &, p), we conclude that this exception is indeed
the case. Moreover, since R is arbitrary, it follows that g, = G&. Finally, the fact that g, € Fu, implies
that & € A, W

Several remarks are in order here.

1. If p € RGP, then Theorem 14 can be proven more directly using Theorem 3. Indeed, weak duality is

easy to show: If g € Fy, satisfies the constraint conditions from (52), then

L(g,a,p) =H(g)+a” (p— (mg)) < H(g) (106)

for all & € Apy,. Invoking the definitions of ¢ (75) and hg (20), we find that

bla,p) = f L(g,a,p) < nf {L(g,,p): (mg) =° p} < nf {H(g): (mg) <° p} = hs(p).
gEFm gEFm gE€Fm
(107)
On the other hand, if p = r(&) for some & € Ay, then it follows from Theorem 3, (76) and the
definition of H (47) that
hs(p) = H(Ga) = ¥(&, p). (108)
From (107) and (108), one can easily deduce strong duality (91) and the complementary slackness
condition (92).

2. If it is known a priori that the maximum in (96) is attained by & € Ay, then the form of the minimizer
follows almost immediately. In this case, G4 € Fy, (which is needed for £ to be well-defined) so that
(76) and (93) imply (108). Because L is strictly convex in its first argument, its minimizer is unique
and consequently, g, = Ga.

3. Since p; = (m;G4) for j < N, the only nontrivial part of the complementary slackness condition (92)
is

aypy = &y (myg,) = &y (myGa) - (109)

This relationship between & and py will be the key to characterizing the set Dyy,.
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The following corollary will be used in Section 6. It is an immediate consequence of the complementary
slackness condition.

Corollary 15 Let p € Ry and let & € Ay, solve (91). Then

hs(p) = min {H(g) : &’ (mg) = éTp} , (110)

and Gg is the unique minimizer.
Proof. Let g € Fy, be given. Using Young’s Inequality (49) with z = g and y = G4 gives

H(g) = H(Ga) +&" (m(g — Ga)) (111)
which, given the complementary slackness condition (92), implies that

H(g) = H(Ga) +&" ((mg) —p) - (112)
Thus if g satisfies the constraints in (110), then H(g) > H(Ga) = hs(p). =

A duality theorem similar to Theorem 14 holds for the minimization problem in (19) that defines h;(p).
Like Theorem 14, it is a consequence of Theorem 13, and its proof is essentially the same.

Theorem 16 Let p € Ry, and let hj(p) and ¢ be given by (19) and (75), respectively. Then

hilp) = max (e, p), (113)

a€An

where the mazimum on the right is attained by a unique & € Ayp,. Furthermore, if the infimum in (19) is
attained by some function g, € Fp which satisfies the equality constraints of (19), then g, = Ga and gp
minimizes L (g, &, p), i.c., 0(& p) = L (§p, & p) -

The careful reader may note that application of Theorem 13 to proving Theorem 16 initially gives a
statement similar to (96), but without any constraint on a. However, the arguments which follow (96) show
that a € A, independently of this initial restriction.

Theorems 14 and 16 prove that the infima in (19) and (20) are equal—that is,
hs(p) = hs(p) = max Y(a,p), (114)
acAm

even if the infimum in (19) is not attained. In light of (114), the definition of h given in (17), which applies
only to p € RgXP, can be extended to all of Ry, by setting

h(p) = max y(a, p). (115)

In addition, we can now complete the proof of Theorem 9.

[154

Proof of Theorem 9. We have already proven the “if” statement in Theorem 9. We now prove the
“only if” statement. To this end, let p € Ry be such that (14) has a minimizer. According to (114)
this minimizer also the minimizer of (20) and is therefore given by Ga(,). Hence, the equality constraint
conditions in (14) imply p = <mGa(p)>, which means p € RSP, m

5 The Relationship between o and p

The formal structure of entropy-based closures depends heavily on the Legendre dual relationship between
the functions h and h* and their derivatives. In this section, we review this relationship for non-degenerate
densities and show how Legendre duality ensures that the resulting system of PDE is symmetric hyperbolic.
We then discuss what aspects of the dual relationship hold in degenerate densities. A similar analysis can
be found in [Jun00] for the case my = |v|".
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5.1 Properties for Non-Degenerate Cases

Recall that the function a maps each p € Ry, to the unique vector & € A, that solves (91). In particular,

Jp =Gapy and  h(p) =vY(a(p),p). (116)
It turns out that a, when restricted to RExXP, is the inverse of the function r defined in (41).

Theorem 17 The function r is one-to-one from Am onto REP with inverse a. It is a diffeomorphism
between int Ay, and int RGP

Proof. We first identify a as the inverse of r. Since r is (by definition) onto RXP, we need only to show
that a(r(a)) = o for each o € Ay,. By the definition of a,

H(Gagr(ay) = min {H(g) : (mg) = r(er)} . (117)
However, Theorem 3 implies that
H(Ga) = min {H(g) : (mg) =* r(a)} . (118)

Since this minimizer is unique, it follows that a(r(a)) = a. If & € int Ay, then according to Corollary 12,
r is the derivative of the density potential A* on int Ay, and its Jacobian

or 9?h* T

—(a) = —5(a, p) = (mm" G 119
is a positive-definite matrix. The inverse function theorem implies then that r is a diffeomorphism from
int Ay, onto int RSP, m

The following corollary implies that Dy, cannot divide RgxP into disjoint subsets.
Corollary 18 The set RexP is pathwise-connected.
Proof. Given p(y), pn) € Ry

P we seek a continuous function I' : [0, 1] — REP such that

Convexity of Ay, implies that

Thus, in view of Theorem 11, the function I'(A\) = r(a)) satisfies (120). m
An immediate consequence of Theorem 14 is that h (as the maximum of a family of linear functions in
p) is convex on Ry,. However, more can be said if we restrict h to convex subsets of int REXP.

Theorem 19 When restricted to int RSP and int Ay, , respectively, the functions h and h* are locally strictly
convex, Legendre duals of one another.

Proof. We first show that & is the Legendre transform of h*. From (76),
h(r(a)) +h*(a) =a’r(a), ac Am, (122)

where, according to Corollary 12,

rla) =h(a), a€intAy,. (123)
We next show that the Legendre transform of h* recovers h. The inverse relationship between a and r
(Theorem 17) implies that (122) may be rewritten in terms of p = r(a):

h(p) +h*(a(p)) =a(p)'p. pERYP. (124)
Differentiating (124) and using (123) again gives
a(p) = hp(p), pEintRY’. (125)
Finally, for p € int RgXP,
Oa or -t —1
h = — = |— = [h} 12
ool0) = 500) = | e @) = [P (a0 (126)

which, by Corollary 12, is positive-definite. Thus h and h* are strictly convex. m
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5.2 Application to Kinetic Moment Closures.

The dual relationship between h and h* is used in [Lev96] to show that entropy-based closures formally
produce hyperbolic systems which dissipate a convex entropy and satisfy an H-Theorem. Indeed, if p €
int R&P and & = a(p), then according to (123), the moment system (12) can be expressed in terms of &:

Orhe (&) + Ve - jo (&) = c(hy (&), (127)
where j*(a) = (vG4q) is the flux potential and
Jal(&) =1(p). (128)
Differentiating the left-hand side of (127) with respect to « gives
hoa(@)0G + joo (&) - Vol = c(hg (&) , (129)

which has the form of a symmetric hyperbolic system [Eva02]. Furthermore, by multiplying (12) by h, and
applying relations (125) and (128), we find that h(p) satisfies:

d:h(p) + Ve - j(p) = a(p) c(p), (130)
where j(p) = a(p)"f(p) — j*(a(p)). Then by (5) and (6),
a(p)"c(p) = S(Gagp) <0 (131)

with equality if and only if Ga(,) is a local Maxwellian (7). This is a direct analog of Boltzmann’s H-Theorem
for (2). (See [Lev96] for details.)

5.3 Non-Degenerate Examples

For N = 2, there are two possible closures: Maxwellian and Gaussian. Both are well-known, and in both
cases, Ay = int Ay, and Ry, = REP = int REXP. Traditionally, these closures are expressed using so-called
fluid variables:

density: p=(F), temperature matrix: © = {LmWVw-w )
F ) <|v—u|2F> (132)
bulk velocity: u = <<UF>> , temperature: 0 = £ trace(©) = T

1. Maxwellian closure. If m = (1,v, 2|v[*), the ansatz F[p] in (14) is a Maxwellian distribution:

2
_ v—ul
Mpue(v) = (2779)d/2 exp (— 59 ) ) (133)
The fluid variables are related to the densities p; by
1 3
po=p,  PL=pu,  py=gpul+pl (134)
and to the vectors &; by
. p Juf? LU . 1
-1 S i =— =——. 135
& = log <(2ﬁ9)d/2> 29 (23] 0’ (&%) 0 (135)

The moment equations in this case are the compressible Euler equations for a gas of point particles:

on+ V- (nu)=0, (136a)
O (nu) + V- (nuVu+nbl) =0, (136b)

1, ., d 1,5 d+
O (2n|u| + 2n9> + Vg - (2n|u| u +

2n9u) =0. (136¢)
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The spatial entropy,

h(p) = (M uolog Mo — Mpue) =p [log ((QWQp)dﬂ) o d -;— 2 7 (137)
is locally conserved by smooth solutions for (136), but is dissipated along shocks.
2. Gaussian closure. If m = (1,v,vV v)T, the ansatz F[p] in (14) is a Gaussian distribution:
Gpuo(v) = —r exp (—l(v —u)-07! (v — u)) . (138)
det(270) 2
The fluid variables are related to the densities p; by
Po=p, Pr=pu, py=puVu+nO (139)
and to the vectors &; by
&g = log (det/z%r@))_;u.@_l.u’ G =071y, dgz—% -1 (140)
The moment equations in this case are
on+ V- (nu) =0, (141a)
Ot (nu) + V- (nuVvVu+nO)=0, (141b)
O (nuVu+nO)+ V- (nuVuVu+3nOVu)=(vVulC(G,ue)) , (141c)
and solutions to this system satisfy a local dissipation law for the spatial entropy
h(p) = (Gpu.0108Gpu6 = Gpue) =P [log ( det’()%@)> - ;L ’ (142)

Note that in both of the examples above, the expressions for & and p can be used to determine a(p)
explicitly. However, generally speaking, an analytical solution is not available and a numerical solution must
be computed via (91).

5.4 Properties for Degenerate Cases

If p € D, then the minimizer with equality constraints (14) does not exist and the entropy-based closure
is not well-defined. Although it is possible to recover a well-defined closure using the relaxed constraints in
(20), much of the formal structure is lost. For example, if p € Dy, then (123) and (126) no longer hold
because r (a(p)) # p and, as shown in Corollary 22 below, hg fails to be strictly convex on R,, whenever
Dy is non-empty. Since many of the properties of entropy-based closures require i to be strictly convex,
this fact is critical.

The situation for degenerate densities may be best understood via the projection operator 7w : Ry, —
REXP which assigns to each vector p € Ry, the density which is realized by the minimizer of (20):

7"'(p) = r(a(p)) = <mGa(p)> . (143)

Before discussing 7 further, we introduce some notation that will be useful for the remainder of the paper.
First we have the natural decompositions for r, a, and 7 based on the decomposition of m in (22):

r= (r0T7r1T,...7r%)T , a= (ag,a?,...,aﬁ)T , T = (Wg,ﬂ?7...,F%)T . (144)

With this notation,
N T
Ga(p) = eXp(ijlaj(p) mj) , ri(e) =(m;Ga), mw(p)=r;(alp)). (145)
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Next, for any p € R™ and any ¢ € R"V, we define
Pty C=(p0,p1s P +C)T. (146)
This notation will often be applied to subsets of R™ and R™ in the context of set addition.

Proposition 20 Let p € REP and let & = a(p). Then for any p € R™, the following are equivalent:

i. pn — Py ENC(Amy,an); (147a)
i. (ay —an)" (py —Py) <0, Vay € Amy (147b)
iii. ax (py —Py) =0 and ok (py —Py) <0, VY ay € Am, - (147¢)

Proof. Here (i) < (i) is just the definition of a normal cone (31), and the implication (iii) = (i) is clear.
To prove (i) = (i7i), we use the freedom to choose any any € A, . Setting ay = 0 and then oy = 2ay
n (147b) gives

ay(py—pPy) >0 and @y (py —py) <0, (148)
respectively. We conclude that &% (py — py) = 0 which, when substituted back into (147b), gives the
inequality in (i9:). ®

Lemma 21 The projection w satisfies the following relations:

i. wi(p)=p;, VPERmandj<N; (149a
i. an(p)’mwn(p)=an(p) Py, VPpERm; (149b
iii. w(p)=p if and only if p € RLP; (149¢
. w{p+y NC(Ampy,@n)}NO)=p, YV peRI? and any O C Rm containing p; (

v.

3

(D) =1 (Am NOAm) = REP NIRSP (
(m(p)) =a(p), VpERm; (149f
vii. h(mw(p)) =h(p), VPpERm (

Vi

o

Proof. We prove each statement in order.

1. Equation (149a) follows from the constraint conditions in (52a).

2. Equation (149b) is just a restatement of the nontrivial component of the complementary slackness
condition (109) with & = a(p).

3. By Theorem 17, w = r o a is the identity map on RSP, Thus w(p) = p if p € REP. However, the
range of 7w is T(Rm) = r(Am) = R&P. Thus if p € REP, then w(p) cannot equal p.

4. Let p € ReXP and let O C Ry be an open set containing p and let &
{p+y NC(Amy,a@n)}. Then p = p for j < N, so by Proposition 20, &
for all @ € Ay,. Therefore

Y(&, p) = Y(&, p) < P(alp),p) < ¥(a(p),p) < Y(&, p). (150)

Here the equality in (150) follows immediately from the definition of ¢ (75) and the fact that &’ p =
a’ p. The first inequality in (150) uses the fact that 1(a(p), p) maximizes ¥ (-, p) over all @ € Ay,; the
second uses the fact that a” p < a”'p for all @ € A,y; and the third uses the fact that (&, p) maximizes
P(-, p) over all € Ay,. We conclude from (150) that ¢ (a(p), p) = (&, p). Since & is the unique
maximizer of ¢ (-, p) over all o € Ay, it follows that a(p) = &. Therefore w(p) = r(a(p)) =r(a@) = p.

a(ﬁ) Choose any p €

Tp=aTpand a’p < a’p
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5. We first argue by contraction to show that 7(Dp) C r(Am N OAm). Thus, suppose there exists
p € Dy, and « € int Ay, such that w(p) = r(a). We know that

U(w(p),a(w(p))) = max ¢(m(p),a), (151)

a€EAm

and since 1 is differentiable on int A, first order optimality conditions imply that

%(W(P)a a(w(p))) = p—7m(mw(p)) = 0. (152)

However, 7 is a projection; therefore, (152) implies that p = 7(p). According to (149c), this contradicts
the assumption that p € Dy,.

We next show that r (Am NOAm) C ®(Dm). Let & € Ay N OA, and let O C Ry, be an open set
containing r(a&) € R&P. Then choose (see (32))

pe{r(@)+y NCo(Ampy.an)}NO. (153)

Since & € Ay NOAm, &n € 0Am, (see 46) and this set is non-empty. By (149d), 7(p) = r(&). Thus
we need only show that p € Dy,. If it is not, then p € R&P and w(p) = p = r(&), which contradicts
(153). Thus p € Dy,.

Finally, we show that r (Am N 0Am) = RPN OREP. Because r is one-to-one on Ay, (Theorem 17),

r (Am N 0Am) = r(Am)\r(int Ay ) = REP\ int REP = REP 0 GREP . (154)

6. Given that a or is the identity map on Ap, (Theorem 17), a(w(p)) = (aor)(a(p)) = a(p) .
7. The proof is a simple calculation. For any p € Ry, (149a), (149b), and (149f) give

h(w(p)) = v(a(w(p)), w(p)) = Y(a(w(p)), p) = ¥(a(p),p) = h(p). (155)

Corollary 22 The set Dy, is empty if and only if Am is open. If Dy is non-empty, then h fails to be
strictly convez.

Proof. The first statement is an immediate consequence of (149¢). The second statement is a consequence
of (149d) and (149g), which together imply that A is constant on the cone {p +, NC(Am,,an(p))} for any
p € REP. If Dy, is non-empty, then by (149e), REXP N IREXP is also non-empty; and if p € REP N OREEP,
then a(p) € Am NOAm and, consequently, ay(p) € OAm, (see 46). As a result, {p+, NC(Amy,a(p))} is
nontrivial and h cannot be strictly convex on all of Ry,. ®

It turns out that Ay, is open only for N = 2. (To see this fact, one need only realize that for N > 2, the
vector av € Ap, corresponding to any Maxwellian M, ,, ¢ lies on the boundary 0.An,.) Thus Corollary 22
show that the Maxwellian and Gaussian closures are the exception rather than the rule. However, in spite
of the difficulties encountered for o € A N OAm, (124) and (125) extend to all of R.

Theorem 23 For all p € Ry,

h(p) +*(a(p)) = a(p)"p, (156)
and the function a is the continuous Fréchet derivative of h everywhere on Ry, i.e.,
a(p) = hy(p). (157)
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Proof. Let p € Ry, and set p = w(p) € REP. By (124),

h(m(p)) + h* (a(m(p))) = a(x(p)) = (p). (158)

However, according to Lemma 21, a(p) = a(p), h(p) = h(p), and a(p)Tp = a(p)’p. Therefore (158) and
(156) are equivalent.

We now move on to proving (157). Using (116), we find that

hp+8) =14 (alp+6),p+8) >4 (alp),p+8) = ¢ (a(p), p) +a(p)" & = hip) + a(p)" s (159)

and, similarly, that
h(p) = v (alp), p) = ¥ (a(p +8), p) = ¥ (a(p + 8), p+ 8)— [a(p + 8)| 6 = h(p+08)—[alp+5)]" . (160)
Together (159) and (160) imply that
0 < h(p+8) — hip) —a(p)"d < |8] la(p + 3) — a(p)| . (161)

Hence, to complete the proof, we only need to show that a is continuous.

Equation (159) implies also that a(p) is a subgradient of h at p [Roc70, Section 23, p.214]. The set of
all subgradients is called the subdifferential of h at p and is denoted by 9h(p). It is a general result from
convex analysis [Roc70, Theorem 24.7] that, because h is convex, the set 9h(S) = |J,cx0h(p) is bounded
whenever K C R" is bounded. In particular, if {p(;)}2; C Rm converges to p, € Rm, then {a(p(;))}2; is
a bounded sequence. Let o, be any subsequential limit for this sequence. Then

blalp.),p.) = lim v (a(p.), g, ) < Tim v (alpe,))pa,) ) < Ulanp,) < v(@lp).p.),  (162)

where {iy},~, is any sequence of integers such that e = lim; . a(p(;,)). The first and last inequalities
in (162) follow because ¥ (a(p), p) maximizes ¢(-, p), whereas the middle inequality is a consequence of the
fact that ¢(-, p) is upper semi-continuous (Theorem 11).

From (162), we deduce that ¥ (a., p) = ¥(a(p,), p) and since a(p,) is the unique minimizer of ¥ (-, p), it
follows that a.. = a(p,). Because {a(p(;))} is bounded and all of its converging subsequences converges to
a(p,), it follows then that

lim a(p(;)) = a(p.) (163)

11— 00

Thus a is continuous and h is continuously differentiable. m

Note that, as a consequence of Theorem 23, h(p) = ¥(a(p), p) is a differentiable on all of Ry, even
though (-, p) may not be continuous for a € Ay N OAy,. We alluded to this fact earlier in Section 4.2.

6 Geometry of Dy,

In this section, we give a description of the geometry of the set D. The main results are given in Theorem
25, which shows that D is a union of cones, and in Theorem 28, which concludes that, with additional
assumptions, D is small in both a topological and a measure-theoretic sense. We begin with some motivation
for why such results are important.

6.1 Motivation: Behavior of the Closure Near Degeneracy

Even though Dy, is usually non-empty, there is evidence to suggest that if p € RZXP initially, then densities
in Dy, might never be attained. To investigate this possibility, we introduce the function x : Ry, — R,
defined by

x(p) = 9 lvm(v)| Gap)(v) dv. (164)
For the entropy-based closure, y is closely related to the flux f in (13), and we show below that x becomes
unbounded as p approaches Dy,. As pointed out in [Jun98], such divergent behavior raises the possibility
that RXP is invariant under the dynamics of the closure.
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Proposition 24 Let {p(j)};?‘;l be a sequence in RLP such that PGy — P« € Dm, and for each j, let
= Xx(py))- Then {x;}32, is unbounded.

Proof. Since {p(;)}72; C RGP,

and taking limits on both sides give
jlggo r(a(p(;)) = p. (166)

We proceed by showing that if {x; 521 is bounded, then

lim r(a(p;)) = r(a(p,). (167)

Jj—0o0

Together (166-167) will then imply that p, € REP which, by contradicting our hypothesis, proves the claim.
Hence, suppose that {x;}52; is bounded. To conclude (167), we calculate

r(a(p.)) - r(alpg)| = [ (mGagp.)) = (MGaipy) )|
/|m |’Ga(p*> - a(pm)(v)‘dv
= [ Gt 0~ Gt 0] (69
# O Gato ()~ Gt )] (169

where R > 0 is an arbitrary constant. We handle the integrals for |v| > R and |v| < R in (168) separately.
For |v| > R,

|Um )|
[ im0 |Gagp0) = Gagoy ()] 0 < [ Gt (@) — Gatoyy(®)] d
[v|>R [v|>R
1 C
< g [ lom )| |Gapo)(¥) = Gao )| v < T, (170)
where
C = 2max {x(p*)ysup{xj‘}} - (171)
j
For [v] < R, continuity of a (see Theorem 23) implies a(p(;)) — a(p,). Hence the sequence Ga(p, ) is
uniformly bounded on {v € R?: |v| < R}. By the Lebesgue Bounded Convergence Theorem,
lim Im(v)|Gap,)(v) dv = / Im(v)|Gap,)(v) dv. (172)
J=° Jw|<R ’ lv|<R
Together (168), (170), and (172) imply that
. C
Tim [e(a(p.) - rlalp,)| < & (173)

Because R can be arbitrarily large, we conclude that (167) holds, which proves the claim. m

Note that by uniformly bounding x; in the proof above, we are providing uniform control on the highest
order moments in p(;). In general, such control is not possible, which is why the minimizer in (14) with
equality constraints does not always exist. (See the discussion following the proof of Theorem 3.)

The behavior of y expressed in Proposition 24 was first observed by Junk for the one dimensional example
n [Jun98]. In particular, for a sequence {p(;}32; € int REP, it was found that (vmyGy(p)) diverges to

either positive or negative infinity as P(j) — P« € Dm, with the sign depending on the direction of approach.
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Suppose now that it can be proven that REP is invariant under the dynamics of the the balance law (12)
with the entropy-based closure. Then if p € REXP initially, the entropy minimization problem with equality
constraints (14) will always have a solution and the formal properties of the closure based on the Legendre
duality between h and h* will be maintained. However, it must be shown—at a minimum—that Dy, is
small in some sense, thereby limiting the number of initial conditions in Ry, which must be discarded in
order to maintain a well-defined closure. In the following subsections, we use the complementary slackness
conditions (92) to show that under reasonable hypotheses, Dy, is indeed a Lebesgue measure zero set.

6.2 The Complementary Slackness Condition and Normal Cones

From the complementary slackness condition (149b), we obtain the following result.

Theorem 25 The set Ry can be expressed as the following union of cones.

Rm = U P +x NC(AmNaaN(ﬁ)) . (174)

PERM"
The proof of this theorem uses the following lemma.

Lemma 26 Let m be a vector whose polynomial components form the basis for an admissible space M.
Then Am C{a € R" : ay € Amy }, where Ay and Am, are defined in (36) and (44), respectively.

Proof. Let o € Ay, and let v, € R be fixed. Because the components of m; are homogeneous polynomials
of degree i, for any A > 0, .
0> )\LNaTm()\v*) = Z )\—Ji,alrmi(v*). (175)
i=0
Taking the limit A — oo in (175) gives aXmy (v.) < 0, and since v, is arbitrary, we conclude that ay € A,
;’roof of Theorem 25. Suppose that p € R™ and that p € RZP. Before making any further assumptions

about p or any relationship between p and p, we note that from Proposition 20, we obtain the following set
of equivalent statements:

L. py =Py € NC(Amy,an(p)); (176a)
ii. (an —an(p)” (py —Pyn) <0, Van € Amy (176b)
iii. an(@) (py —Py) =0 and ok (py —Py) <0, YV ay € Am, . (176¢)

We first show containment of the left-hand side of (174). Given p € R, let p = w(p) € REZP. Then
p; = p; for j < N and, by (149f), a(p) = a(p). Thus, from (149b),

an(p) oy =an(p) Py - (177)
Meanwhile, the constraint conditions in (52) imply that
alpy <akpy YVacAy,. (178)

We conclude from (176)-(178) that py — py € NC(Amy,an(p))-

Next we show containment in the other direction. Suppose that p; = p; for j < N and that pyy — py €
NC(Amy,an(p)). By Theorem 1, Ry, = int A3, so it is sufficient to prove that p € int A2,. Because
pEREP C Ry, = int A2, it follows that a” p < 0 for all € Ay,. Furthermore, by Lemma 26, an € Amy
for all such . Hence from (178),

fp=a’p+ak(py —pPy) <0 VacAy. (179)

This shows that p € int Ay, and concludes the proof. m
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For p € int R&P, NC(Amy,an(p)) is just the origin in R™¥. 1In such cases, Theorem 25 is trivial and
the construction g+, NC(Amy,an(p)) does not generate any new densities. Therefore Dy, is constructed
entirely by convex cones attached to p € R&P N IRLP.  Recall from (32), that NCo(Amy,an(p)) =
NC(Amy,an(p))\{0}. We have the following corollary.

Corollary 27 The degenerate densities are

Pm= |J {PrNC(Amy.an(®)}= () (1@ + NCo(Amy, an} - (180)

PERMINIR MY &EARNIAmM

6.3 Smoothness Assumptions on A, N A,

Corollary 27 gives the degenerate densities associated with each p € RXP N IRLEP.  However, a clean
description of Dy, requires also that REP N ORGP itself have a nice structure. In particular, we would like
to say that RexP N ORP is a finite union of disjoint manifolds. At this point we are unable to prove such
a result in general, in part due to the complicated structure of Ap, N A, to which we alluded in Section
2.4. We therefore make two assumptions. The first assumption says that Ay, N 0Ay, is a union of disjoint
manifolds with dimensional restrictions that are related to the dimensions of the normal cones in (180) in
such a way as to ensure that Dy, is a lower dimensional subset of Ry,. The second assumption says that the
mapping r is diffeomorphic when restricted to each of these manifolds. Thus each dimension k& manifold in
Am N IA, will map to a dimension k& manifold in ReXP NORP. Before stating our assumptions, we define
the orthogonal projections Py : R" = R™~ and Py : R" = R"7"~ by

Py(a) =(0,...,0,0,ah)” and Pg(a)=a—Pyla)=(al,af,...,ak_1,0)T. (181)

Assumption I The vector m is such that the set A, N 0Am, can be decomposed into a finite collection S
of disjoint, smooth (C'*°) manifolds in R™. Furthermore, if S is one such manifold, then Py projects
S onto a manifold Sy C 0Am, with co-dimension at least one in R"~ and Pg projects S onto a
manifold S of co-dimension at least one in R"~"~.

We call § a stratification of Apm N 0Am; the manifolds S that make up S are called strata. We fully
expect that S can be chosen so that, for each S € S, the projection Sy is indeed a manifold. If so, Sy will
certainly have co-dimension of one or more since, by (46), Sy C 0Am,. Furthermore, if ay € 04, , then
almy(\w) =0 for some w € S9! and all A € R, which means that my no longer provides uniform control
over lower degree polynomials. Thus, in order to maintain the integrability condition (40) that defines Ap,,
we expect further restrictions on the components o; for j < N. This is the motivation for the co-dimension
one restriction on the manifold S in Assumption I. Since, in general, dim(S) < dim(Sy) 4+ dim(Sy), these
restrictions together imply that S itself has co-dimension of at least two in R™.

It should be noted that Assumption I is known to hold for at least two cases:

i. d=1land N > 2; (182a)

ii. d>1, N=4, and my = |v|*. (182b)

(Whether or not Assumption I holds in any other case is, to our knowledge, an open question.) For the first
case above, aj = aj and n =N+ 1. Fori=1,...,N/2, we define the sets

A% =fa € R":a; =0for 2i < j < N and ag; < 0} . (183)

Clearly each A2 is a manifold of dimension 2i + 1 such that

N/2—1
AmNOAm= ) A% and A} =int A, (184)
i=1
For the second case, Am N 0Am = {a@ € R" : almy < 0}. If my = |v|?, then G, has the form of a
Maxwellian distribution (133) on Ay NOAm; if ms = vV, then G, has the form of a Gaussian distribution
(138) on Am NOAm.
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One possible way to prove that Assumption I always holds is to show that the integrability condition which
defines Ay, can be expressed as a family of polynomial equalities and inequalities for ce. Sets expressed in this
way are called semi-algebraic and are known to have a stratification with special properties [BR90, Mil68].
One can show for example that the sets Ap,, (j even) and cl A, are semi-algebraic. One can also show that
the interiors and boundaries of these sets are semi-algebraic. See [Hau06] for details.

Assumption IT The vector m is such that if Assumption I holds and if S is an element of the stratification
of A NOA, then for each p € Ry, the restriction of ¢ (-, p) to S is infinitely Fréchet differentiable
on S.

One may easily verify that Assumption IT also holds for the cases in (182). When both Assumptions I and
IT hold, r is a smooth diffeomorphism with inverse a when restricted to any manifold in the stratification of

Am N OAm,.

6.4 Fiber Bundles

The construction of Dy, by attaching cones to the densities REP NOREEP is very similar to the construction
of a fiber bundle. A (continuous) fiber bundle (B, B, F,P) [Hir97] consists of topological spaces B, B, and F
along with a projection P : B — B such that, for every y € B, there is a neighborhood O C B containing y
such that P~1(0) is homeomorphic to O x F. In addition, if ¢ is this homeomorphism and IT is the natural
projection of O x F onto O (i.e., (y x F) =y for all y € O), then II(¢(P~1)) is the identity on O. The
space B is called the base space; F is called the fiber space and often B itself is called the bundle. Roughly
speaking, B is constructed by attaching to each point in B a (topologically equivalent) copy of F' that varies
continuously from point to point in the base space. If Assumptions I and II hold, then for each manifold
S in a stratification S of Ap N A, the manifold r(S) acts like a base space; the cones NC(Amy, an),
a € S, are like fibers; and 7 is the projection onto the base space. The entire structure is

B(S) = |J {r(@) +y NC(Amy. an)} , (185)

acs

and, in view of Corollary 27, Dy, = (Jgc g Bo(S), where

Bo(S) = B(S)\r(S) = | {r(e) + NCo(Amy, an)} - (186)

acsS

Unfortunately, we cannot conclude that B(S) is a bundle even with Assumptions I and II. In short, we have
been unable to show a local homeomorphism between the base-fiber product space and the inverse image
m~1(S). However the sets taken from the examples in Section 6.6 below are all fiber bundles. This is fairly
easy to check because, in these examples, the convex cones Ay, and NC(Amy,an), an € dAm, have
explicit expressions that are (relatively) simple.

6.5 ‘Smallness’ of D,,

If Assumptions I and II hold, we can show that Dy, is small in the following sense.

Theorem 28 Suppose Assumptions I and II hold. Then Dy, has zero Lebesgue measure, int RexP is a dense
subset of Ry, and Dy C OREXP,

Proof . The basic idea of the argument is that the image of a smooth map from a lower dimensional space
to a higher dimensional space has zero Lebesgue measure. We will construct such a map F whose image
covers a portion of Dy,. We can then cover Dy, with the images from a countable number of similar maps.

Let S be a stratification of Ay, N 0AL, as provided by Assumption I and let S € S have dimension j.
According to Assumption I, Sy = PyS C 0Am, and S5 = PxS are smooth manifolds with dimensions
which we denote by jn and jg, respectively. In general, dim(S) < dim(Sy) + dim(Sg), and in view of
Assumption I, dim(Sy) < n —ny. Therefore

J <IN +iy <iv+(n—nx). (187)
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This inequality is the key to our result. For any a € .S, the normal cone N'C(Sy,an) is a subspace of
dimension ny — jy and one can readily show that

NC(AmN,aN)CNC(SN,aN), acsS. (188)

We can therefore proceed with the proof by considering the set

Km=J U K@) > (RZPNOIRZY) U D, (189)
Ses acs
where the affine spaces
K(a) =r(a) +y NC(Sn,ay), €S, (190)

are constructed by attaching NC(Sy, ay) to r(a) € r(S) C REP N IREP.

Let U C S be the non-empty intersection of S with a bounded open ball in R™. Because S is a manifold,
there exists a smooth diffeomorphism 7 : U — RJ such that 7(U) is the open unit disk D?. Define a second
mapping V : U — R *(~=in) guch that V() is a matrix whose (ny — jy) columns are vectors in R™~
that form a basis for NC(S, ay). Since S is smooth, this basis can be chosen to vary smoothly over o € U.
Then using 7 and V, define F : R/ x R*¥ =¥ — R" by

F(y,b)=r(77(y)) +y V(r'(y)) - b. (191)

In view of Assumptions II, F' is smooth and by (187), j 4+ (ny — jn) < n. Thus, by [Hir97, Proposition
1.2], the image F(IDY x R"™~IN) =, K(c) has zero Lebesgue measure. Because measure is countably
subadditive, repeating this argument for each j-ball U in a countable cover of S and then for each S € S
shows that Ky, has zero Lebesgue measure. Since Dy, C K, Dm also has zero Lebesgue measure, and since
R \m C int REP, int REXP and Ry, have the same closure. (Otherwise, there would exist an open set of
positive measure contained in KCp,.) Therefore Dy, C ORGP, m

6.6 Examples

We will assume that Assumptions I and II hold in the following examples.

1. Junk’s Example. The case my = \v|N has been studied in [Jun98, Jun00, Sch04], particularly when
N = 4. For general N,

Amy ={any €eR:ay <0} and 0Amy = {0}. (192)

If p € R and ay(p) = 0, then ay_1(p) = 0 as well; otherwise, Ga(p) ¢ Fmm. With this fact in mind,
we conclude from Corollary 15 that G,y is actually the minimizer of H subject to fewer constraints:

H(Gagp)) = min {H(g) : (myg) = p;, j <N -2} (193)

Let m contain the components of m of degree N = N — 2 and less:
m = (mg,my,..., my_s)" , (194)
and let the variables p and & and the functions ¥ and a be defined similarly. For this example,
Am NOAm C{aeR":a € Ag, any_1 =0, ay =0}, (195)

but these two sets are not necessarily equal, since that latter may include « for which G, € Fg, but
Go € Fin. However, one may readily conclude that G, € Fy, for all & € int Az. Hence,

{acR" : @cintdAn, ay_1 =0, ay =0} C AnNOA,. (196)

Let S be a stratification of Ay N0Ay. The projection of any manifold S € S onto 0 Ay, ,, is the origin
in R™ | so the normal cone attached to a € S is just the non-negative axis:

NC(AmA”OZN):{U'NGRZO'NZO}:A;N. (197)
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Therefore
Dm={p:py>rn(a), a € Ay NIAL} . (198)

Because Ay, , is one-dimensional, the inequality in (198) is scalar.

If N = 4, the situation simplifies further, because int Ay = Am and the inclusion in (195) becomes an
equality. In addition, Ry = Ra’ and T is a diffeomorphism on all of Agz. Therefore

Dm={p:py >rn(a), & € Am, ay = an_1 =0} .
= {p PN > I'N(0,0,ﬁ(ﬁ)), PN-1 = rN—l(Oa())ﬁ(ﬁ))v pe Rﬁl} datex (199)

The components ry (0,0,a(p)) and ry_1(0,0,a(p)) are simple to compute since r(0,0,a(p)) = (mGj(z)) and
a(p) has an explicit formula when N = 2. (See the examples in Section 5.3.)

. A Non-Junkian Example. The situation becomes more complicated when mpy includes polynomials
other than |v|"V because the inequality constraints from the relaxed minimization problem (20) are no
longer scalar. The simplest example of this type occurs when

my = (vVo)v]N72. (200)
We examine in detail the two-dimensional case (d = 2) and write oy € Am, in the form of a symmetric

matrix: . ( (an)y (@), > _ ( a+b - ) . (201)

(an)y  (an)gy ¢

As a matrix, ay must be negative definite. Thus, with respect to the (a,b,¢) coordinates, the set
Amy is a cone in R3 that can be found in a high school geometry text:

AmN:{(a,b,c)€R3:a§—\/b2+c2} and aAmN:{(a,b,c)eR?’:azfx/bQJch}
(202)
Let S be the stratification of Ap, NOAm and let S € S so that Sy € 0Am,. The set A, itself has
a stratification 7 consisting of two manifolds: 7} is the origin in R3 and 7% is the remainder of the
cone. We consider Sy as a subset of each manifold separately.

(a) any €Ty. In this case,a =b=c=0 and
/\/'C(AmN,aN):A;’nN:{aN:aNEO}. (203)

The situation essentially reduces to the Junkian case. The fiber bundle associated with S C

{Am NOAm : an =0} is
B(S) = {p:py 2a5,, tv(@). acs | (204)

and if N =4,
B(S)={p: px Zag, T(0.0.3(B)). py 1 =rn-1(0,0,8(p), FERmM|  (205)

where a(p) has an explicit formula. (See the examples in Section 5.3.) However, unlike the Junkian
case, the inequalities in (204) and (205) are no longer scalar. Rather, it must be understood in
terms of the polar cone Ap, .

(b) an € To. In this case a < —|b| < 0. In the (a,b, c) coordinates, NC(Am,,an) is a ray
NC(AmN,aN):{)\ (\/b2+02,b,c) :)\20} ) (206)

which can then be re-expressed in terms of the components of ay by inverting (201). The bundle
associated with any S C {& € Ay NOA : an # 0} is

B(S)={p:py =rn(a) + NC(Amy,an),p; =r;(a), j<N,ae€S}. (207)
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The set Dy, is the union of sets of the form By (S) = B(S)\r(S), where B(S) is a bundle of the type
given in (204) or (207).

One should note from these examples that our ability to identify degenerate densities is currently limited
by our inability to explicitly identify the elements of Ay, N 0Am. However, because the set Ay, is semi-
algebraic, one should presumably be able to compute NC(Am,,@n) for any given @ € Ay, N OAm, even
though such computations will likely be much more tedious than in the examples given above.

7 Conclusions and Discussion

We have given in this paper a description of the set Dy, of degenerate densities based on a geometric inter-
pretation of the complementary slackness conditions associated with the dual formulation of (20). Roughly
speaking the set Dy, is constructed by attaching a convex cone to every point in the boundary component
OREPOARP.  This description recovers and extends previous results concerning the constrained entropy
minimization problem.

Analytically, we see three important open questions that must be solved. First, one must determine
if Assumptions I and IT hold in a setting that is more general than the examples in (182). Concerning
Assumption I, this means understanding the structure of the set of polynomials p for which v — p(v)ep(”) is
Lebesgue integrable. For example, do the coefficients of such polynomials form a semialgebraic set? Second,
it must be determined whether the sets RgxP and Ry, are invariant under the dynamics of the balance law
(12) with the entropy-based closure. (Although not discussed it in this paper, such a condition on Ry
is obviously necessary for entropy-based closures to have any practical application.)  Finally, it must be
determined whether the existence of degenerate densities and the dynamics of (12) near such densities are
simply artifacts of the entropy-based closure or if they actually reflect some physically relevant properties of
the original Boltzmann equation (2).

Numerically speaking, a full implementation of entropy-based closures for gas dynamics faces many
challenges. (An implementation has been attempted in [TP97], although the issue of degenerate densities
was not addressed.)  Clearly a discretization of (12) must preserve any invariant properties of Ry, and
RXP with respect to the balance law (12). As pointed out in [Jun98], even if REP 4s invariant under
(12), solving the dual optimization problem (74) becomes extremely difficult for p near Dy, because the
function h* is very hard to evaluate. The reason for this is that as a approaches 0. A, the function G, can
develop isolated modes that are often overlooked in a numerical quadrature. The result is a regularization
effect in which accuracy is lost. In addition, the matrix <mmTGa> becomes poorly conditioned near the
boundary of Ay,. Any minimization algorithm for (74) must be carefully formulated in order to overcome
these challenges. Furthermore, as with the degenerate densities themselves, one must determine if these
difficulties are by-products of the closure or related in some way to the dynamics of the Boltzmann equation.

8 Appendix

The purpose of this appendix is to provide the reader with a reference for important notation used in the
main body of the paper. We includes tables of important sets and mappings (Tables 1 and 2) and also a
diagram (Figure 1) emphasizing the relationships between different sets. Recall that a cone is proper when
it is closed, pointed, convex, and has non-empty interior (see Section 2.2).
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set lies in ... defi m’ﬁg omp ortqnt
equation(s) properties
Fn LY(RY) 15 convex cone; closure is proper
Am, R™i 44 proper cone for j even
Am R" 36 proper cone
int(Am) = R" ™ x int Apm,;
Am R™ 40 cl(Am) =R""™ X Amys
OAm C R ™ X 0Apm,
" open, solid, convex cone;
Rn R 33 R — int A2,
solid cone; in general, not
Rxp R"™ 42 convex or open; RexP C Ry
[Rm C cl(int REXP)]
" Dm = R \REEP; cone;
Prm R 34,73 [zero Lebesgue measure]

Table 1: A list of important sets and properties used in the paper. Properties in brackets are known to hold
under Assumptions I and II

. . definin, important
function domain/range eqfatz’oi]z(s) propperties

m R? - R? 8 polynomial components; see (21)
strictly convex and

H Frn — R U {oo} 4, 47 bound}éd below on Fy,

Ga Am — Fm 38 positive; convex on Ay,
bijective on Am;

r Am — REP 41 diffeomorphic on int Auy,;
derivative of h* on int Ap,
continuous on Ryy;

a Rm — Am 55 diffeomorphic on int R{iP;
aor is identity on Ay,
convex, differentiable on Rpy;

h Rm — R 14, 19, 20, 115 strictly convex on int RoXP;
Legendre dual of A* on int Ayy,;
strictly convex; directionally
differentiable on Am;
differentiable on int Ap,;

h Am = R 39 Legendre dual of h on int Ay,;
generally not continuous
at OAm N Am

r Fm X R® X R 74 strictly convex with respect

— RU {oo} to first argument

” R™ X R 75 strictly concave;

— RU{—o0} Y(a,p) =a’p—1*(a)

Table 2: A list of important functions and properties used in the paper.
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g—H(g) h(p)——p
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M, o’ me——io A

Figure 1: A commutative diagram summarizing mappings and relationships between important sets.
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